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Nonlinear Two-Dimensional Unsteady Potential Flow with Lift

JOSEPH P. GIESING*
Douglas Aircraft Company, Long Beach, Calif.

A method has been developed for calculating the pressure, forces, and moments on a two-
dimensional airfoil of arbitrary shape executing arbitrary unsteady motions. The fluid me-
dium through which the airfoil moves is assumed to be inviscid and incompressible. The
vortex-sheet wake shed by the airfoil is carried along by the fluid particles to which it is at-
tached and changes in shape with time. The method makes no assumptions as to the type
or amplitude of motion and is limited only by the storage of the IBM 7094 computer that car-
ries out the calculations. Pressure calculations are shown for airfoils executing periodic and
transient motions. Wake shapes for such motions are also shown. In addition, the method
is compared with experimental data and other theoretical methods. Finally, a study that
shows the effects of nonlinearity on the Theodorsen, Wagner, and Kiissner functions is pre-
sented. Nonlinear effects are due to airfoil thickness, amplitude of motion, frequency of os-
cillation, and gust magnitude.

Nomenclature

C = Theodorsen function
c = position of wake element; also chord length
Ci = lift coefficient (less the added-mass terms proportional to

accelerations) divided by quarter-chord amplitude
Cm — moment coefficient analogous to Ci
F = potential due to unit sources located at the intersection

of airfoil surface and gust edge
G — potential due to a unit point vortex
i, j = unit vectors in the x and y directions
K = circulation about an airfoil due to its immersion in the

flowfield of a point vortex
k = nondimensional half frequency, o>/2
n, t = unit vectors in the normal and tangential directions
R = position vector from a fixed inertial point to a vortex-

wake element
r = position vector from the origin, in airfoil coordinates, to a

general field point
t = time
C7co = arbitrary normalizing velocity
V = disturbance velocity
V/ = velocity of the airfoil
x, y = Cartesian coordinates fixed in airfoil
T = airfoil circulation
7 = wake-element vorticity strength
$ = Wagner function
<p = disturbance potential
^ = Kiissner function
ft = angular velocity
co = nondimensional frequency, (frequency) c/Uco

Subscripts
D = the part of the wake generated up to time t\ considered

at time t\ + At
d = disturbance potential and circulation due to entire wake
G = gust onset flow
g = gust disturbance flow
Q = quasi-steady flow
w = wake
x, y = x and y components
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T = circulatory flow
0 = angle of attack of 0°
90 - angle of attack of 90°

Introduction

THE potential-flow theory for thin plates executing small-
amplitude, simple-harmonic motions has been presented

by Karman and Sears1 and Theodorsen.2 The theory of
transient motions of flat plates has been developed by Wagner3

and Kiissner.4 The effects of thickness of airfoils in small-
amplitude, simple-harmonic motion has been studied recently
by Kiissner,5 Van De Vooren,6 and Hewson-Brown.7 For
practical calculations using these last three methods, the
circle-airfoil conformal mapping must not only be known but
should be simple. Only Van De Vooren has produced an
actual pressure distribution.

It is of interest to know to what extent these approximate
theories may be applied to nonlinear problems and to know
how to obtain a solution if they fail to apply. The effect of
viscosity, which has never been successfully treated, is also
of interest. Before a theory for the effect of viscosity can be
developed, methods for predicting pressure distributions on
airfoils in unsteady motions must be available. This is true
because boundary-layer characteristics are a direct function
of the pressure distribution. If empirical methods are
sought, it is of importance to isolate the viscous effects from
the nonlinear effects. This can be done only if the nonlinear
effect are fully known.

A general nonlinear potential-flow theory that includes the
determination of the airfoil pressure distribution is needed.
Such a method has been developed and is presented here.

The nonlinear unsteady potential-flow problem is solved
with the aid of a very general and powerful method developed
by Smith,8 Hess,9 and Giesing10 for the steady potential-flow
problem. This method is applied step by step in time, start-
ing from a given initial airfoil position and orientation and
proceeding step by step along the airfoil flight path. A de-
tailed description of the method is given by Giesing. n> 12

The present method is limited only by the storage of the com-
puter that carries out the calculations. This limitation fixes
the maximum number of steps at 100 for the IBM 7094. The
airfoil shape, which may be arbitrary, is put in to the com-
puter as a series of coordinates. The maximum number of
defining coordinates is also limited to 100.

Unlike all previous theories, there exists the possibility of
extending the present method to include more than one body.
Such an extension to the case of two bodies (two airfoils, an
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Fig. 1 Coordinate system for the airfoil and wake.

airfoil and a nonlifting body, etc.) is in the process of de-
velolopment and will be reporte d at a later date.

Theory

Problem

It is desired to find the pressure, forces, and moments acting
on an airfoil section operating unsteadily in an incompressible
inviscid fluid. No restrictions will be placed on the airfoil
shape or motion. The solution will be effected by using the
two-dimensional, potential-flow model. Therefore, the basic
equations governing the fluid motion and pressure are the
Laplace and Bernoulli equations, respectively. In addition,
the continuity of vorticity must be preserved. Any loss of
circulation must show up in the wake as shed vorticity. Since
the flow will be determined with reference to a coordinate
system fixed in the airfoil, the Bernoulli equation must be
written for a translating and rotating frame of reference.13 If
Vf and 12 are the translational and rotational speeds of the
airfoil, respectively (see Fig. 1) and V is the gradient of the
disturbance potential (V = V<£>), then the Bernoulli equation
is written as follows:

C, = P -
" ( U0 ) 'TT * */ (1)

where Vs = V/ + 12(jx — iy)', Vr = V<£> — Vs; and Um is an
arbitrary reference speed.

The general boundary condition for the problem is simply
that the fluid not penetrate the airfoil surface. The total
velocity of the fluid, W, as viewed in the moving airfoil coor-
dinate system, cannot have a component normal to the airfoil
surface S, that is, W • n = 0. Upon using the definition of W,
the boundary condition for the disturbance potential y may
be determined as

= Vs • n on S (2)

The specific problem posed is, then, to find the disturbance
potential <p caused by an airfoil moving unsteadily through the
fluid and shedding vorticity of unknown strength. The
problem also involves finding the shed-vorticity strength, air-
foil circulation, and vortex-wake position and motion.

Solution for the Potential

It will facilitate the solution if the potential (p is split into
two major parts, one due to quasi-steady motion (motion
neglecting airfoil circulation and wake) and one due to the
circulation and wake alone. The quasi-steady potential <pQ
is a function only of the airfoil instantaneous translational and
angular velocity and may be parameterized by them. Spe-

cifically,

<pQ(r,t) = Ux(t)<p0(r) + + (3)

where <^0, <£>9o, and <pa are the component disturbance poten-
tials due to flows of unit strength at 0° and 90° angle of attack
and unit rotational speed, respectively. The speeds Ux, Uy,
and 12 are the components of the onset flows — Vs in the
horizontal, vertical, and angular directions, respectively.
Specifically,

-V. = iUs + jUv + Q(iy-jx)
where it is assumed that Ux and Uy are in the positive x and
y directions, respectively, and that 12 is positive counterclock-
wise. Unlike Ux, Uy, and 12, the component potentials <^0,
<£>9o, and (pa are not functions of time, and thus may be found
once and for all. The boundary conditions applied at the
airfoil surface S for these potentials are

= i • n on S
(4)

on

The second part of the potential <p (potential due to circula-
tion and wake alone) will be termed <pw] the boundary con-
dition for it is homogeneous;

= 0 on S (5)

This simply means that the disturbance flow caused by the
wake and circulation may not penetrate the airfoil surface.
It is convenient to split <pw into several components as <PQ was
split. The flow represented by the potential <pw may be
thought of as a flow due to a vortex sheet alone (<p8) plus a
flow (<p<i) necessary to satisfy the airfoil boundary condition
(5) plus a pure circulatory flow (IVr) . Thus,

<pw(r,t) = <p,(rf) + <pd(r,t) + T(t)<pr(r) (6)

The boundary conditions for the individual terms are

on S

= 0 on S
(7a)

(7b)

The flow generated by the wake vortex sheet (whose potential
is <£>s) is assumed to be known. The value of (ps on the airfoil
surface S is obtained by integrating the effects of the wake-
vortex elements;

where w stands for integration over all the wake-vortex ele-
ments. The term G(c,t)y(c) is the potential due to an ele-
mental vortex of strength 7 in the wake. Figure 1 shows a
schematic of the airfoil and wake with the associated coor-
dinate systems.

The boundary conditions for all the unknown component
disturbance potentials are now known, being given by Eqs.
(4) and (7). It remains to find the potential fields that cor-
respond to these boundary conditions.

Potential-Flow Operator

A method is sought that will produce <p when d<p/dn is
known. Such a method could be used to find <£>o, <p9o, <£o, and
<pr once, since they are not functions of time and could be
used to find <pd at every instant of interest. Methods de-
veloped by Smith,8 Hess,9 and Giesing10 may be applied
directly to this problem. A brief outline of these methods,
along with the presentation of the results, will be sufficient
for present purposes.

The potential of the flow due to an elementary source
satisfies the Laplace equation. The methods of Refs. 8-10
generate the desired disturbance flow (p by superimposing the
fields of a distribution of sources. In particular, a continuous
distribution is applied to the surface of the body and the
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strength of the distribution adjusted in such a way that the
resulting velocity field satisfies the prescribed boundary
condition on the body surface, i.e., the velocity distribution
normal to the body surface (d<^/dn) is prescribed. The sur-
face-source strength cr(s) is found by solving a Fredholm inte-
gral equation of the second kind. The left-hand side of the
equation is just the boundary-value distribution, d^/dn.
In practice, the body surface is broken up into many short,
straight-line elements, over each of which the source strength
may be considered to be of constant strength.f The bound-
ary condition on the surface (prescribed d<^/dn) is made to
hold at the midpoint of each of the elements. The end result
is a set of N equations (N is the number of elements) and N
unknowns. The unknowns are the N source densities crk.
These equations may be presented as

Ajkcrk = (9)
where j ranges over the element midpoints and is just the
surface arc-length index. The matrix Ajk represents the
velocity normal to element j due to element k, which is of
unit source strength (see Ref. 10). If HIJ and VHij represent
the potential and velocity, respectively, at the point TI due to
thejth element, which is of unit source strength, the effect of
all the elements at the point n is just the sum of the effects;
that is,

Vi = Hh-aj (lOa)

and

= V<PI = (lOb)

where the point rt may range over points on the body surface
or points out in the flowfield. Equations (9) and (10) may
each be combined into one equation as follows:

(pi = HiqAqp~l(()<p/()ri)p

Vi = vHlqAqp~
(lla)

(Hb)

The matrices HiqAqp~l and ^HiqAqp~l may be thought of as
operators, taking d<£/dn and producing <p and V, respec-
tively. Let HiqAqp~l be termed the potential operator P0ip
and TjHiqAqp~l the velocity operator &POiP. These opera-
tors are not functions of time, but are functions only of the
airfoil shape and the field points r/. The operators P0ip and
VPOiP can be generalized symbolically to the continuous case
[input d<£/dn, output <p(r)], keeping in mind that whenever
they are to be actually calculated the discrete form is to be
used. Such a generalization gives

<p = P0(d<£>/dn) (12a)

V = vPO(cWdn) (12b)
The required time derivative of <p is given by the following:

Zxp/dt = PO[5/5n(b^/dO] (12c)
The time derivative does not interact with the operator, since
it is independent of time.

The special case of (Vr/cto = 0 (pure circulation) must be
handled in an indirect manner. The potential <pr is split
into two parts, one due to an arbitrary distribution of vor-
ticity within the airfoil (of total strength unity), which is to be
considered known, and a disturbance potential needed to
make the two together satisfy the homogeneous boundary
condition. If these two parts are termed ^>n (internal vor-
ticity potential) and <£>r2 (disturbance potential), the ho-
mogeneous boundary condition for <£>p is d(#>ri + <Prz)/dn =

0, and thus the boundary condition for <£>r2 is

d<£r2/d?i = — d<pri/dn on S

f In the method of Ref. 10 the maximum number of describing
elements is 500. In the present analysis the maximum number is
100.

The potential operator (12a) may be applied to d^r2/dn to
produce <prz- The two potentials <^FI and <pr2 may then be
added together to produce <£>r-

Strength of Shed Vorticity

In the last section, methods for obtaining the potential
field ip, given its normal-derivative boundary conditions
d<£/dn, were presented. The potential <ps and thus the
boundary condition for <pd, however, are dependent on the
strength 7 of the vorticity in the wake and also on the wake
position. The airfoil circulation F, which is needed to find
part of the velocity field, is also dependent on the vorticity
strength and wake position. This section describes the pro-
cedure for determining the wake vorticity strength.

The Kutta condition requires that the velocities at the
trailing-edge upper surface and lower surface be equal in mag-
nitude but opposite in tangential direction. In most cases
this is equivalent to requiring that the flow stagnate at the
trailing edge.I Noncirculatory potential flows usually do
not satisfy this condition, and, therefore, a circulatory flow
must be added. The strength of the circulatory flow F is
adjusted until the Kutta condition is satisfied. Once a non-
circulatory flow is known, the circulation needed to satisfy the
Kutta condition for that flow can easily be obtained. In
fact, it is convenient to associate a circulation with each of the
noncirculatory flows discussed so far. The total circulation is
then the sum of all its components. Specificially, if F0, Fgo,
FQ, and Td are the, circulations associated with <p0, <£9o, #>n,
and pd, respectively, the sum is T(t) = Ux(t)To + Uy(t)Tm +

r = (13)

The first term is the circulation due to the quasi-steady flow
found once and for all, and Td is the circulation due to the
wake flow. The wake-flow circulation can be expressed as an
integral that is analogous to its corresponding potential <pd;

Td = (14)

Here K(c,t) is the circulation around the airfoil caused by the
immersion of the airfoil in the flowfield of a point unit vortex
located at the position c in the wake.

Because the total vorticity of the system is preserved, the
sum of the airfoil circulation and the total vorticity in the
wake remains constant (for simplicity, set this constant to 0);

T + fwj(c)dc = 0

Combining (13-15) gives

-TQ = f u y ( c ) [ l + K(c,t)]dc

(15)

(16)
This is an integral equation for the unknown vorticity
strength y ( c ) , which may be solved in a step-by-step fashion
in the following way. Consider that the wake vorticity j(c)
is known up to time t\ (this is general, since ti may correspond
to the inception of motion). In Eq. (16), the range of inte-
gration at time ti + A£ may then be split into two parts, one
part w(ti) where the vorticity is known and one part Aw =
w(t] + A£) — w(ti) where the vorticity is unknown. Because
of this split, the circulation Td and corresponding potential <pd
must also be split;

Td = TD + yKAw (17a)

where

TD = fw(ti)j(c)K(Cjti + At)dc (17c)
The bar indicates an average over the wake length Aw. The
potentials <PD and (pK are obtained by first splitting the
boundary condition for <pd and then applying the potential-

t Exceptions are cusped trailing edges.
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Fig. 2 Flow diagram for the computer program of the
present method.

flow operator to both pieces. Once <pD and_<^^ are known
(also V<PD and V<PK), the circulations YD and K can be found.
The boundary conditions for ^>/> and <PK, which are obtained
fromEqs. (7a) and (8), are

c (18a)

(18b)

where CTE is a position on the wake near the trailing edge
midway between w(ti) and w(h) + Aw. The term G(cTE, t) is
just the onset potential due to a point vortex located at CTE,
and <PK is the corresponding disturbance potential. Since
the segment of wake being shed is represented by a point
vortex, it is consistent to represent all wake elements as point
vortices. Because of this, all integrals become finite sums.
Equation (16) may now be solved for 7 Alt' in terms of FQ, FD,
K aT\dfw(t^y(c)dc [which is just F(£i)], as follows:

+ AO =
AQ - AQ_
1 + K(ti +

(19)

The solution for the shed vorticity is now complete, and the
solutions for <pd and Td may be obtained. The addition of
the two components of <pd [Eq. (17b)] can now be effected,
since 7Aw is known. The circulation F^ can be found by
using Eq. (17a). All potentials and circulations are now
known and the pressure, forces, and moments can be calcu-
lated. It was assumed, however, that the wake shape was
known at time £1, and if we wish to continue the solution
beyond t\ -f A£, the wake shape as it is at ti + A£ must be
found. The motion of the wake is the subject of the next
section.

Motion of Trailing Vortex Sheet

The movement of the trailing vortex sheet is given by the
movement of all the vortex particles that compose the sheet.
The wake-vortex particles move with the fluid as if they were
fluid particles. The trajectory of each particle is obtained by
using a simple predictor-corrector integration procedure.
If R(c, 0 is the radius vector from a stationary inertial point
to the vortex located at c along the wake at the time t, the
integration procedure can be written as

| predictor (20a)

corrector (20b)

where R(£i + AO is the final result. Equation (20a) is first
applied to all the vortex points, after which (20b) is applied to
all the points. The disturbance velocity V = V<p is known
at time t\ + A£, once y&w is known. Thus the wake motion
calculation must be carried out after 7 Aw is found.

At this point it may be helpful to show the order in which
the entire calculation is carried out. Figure 2 gives a sche-
matic diagram of this order. As is shown, the preliminary
calculation involving the quasi-steady quantities plus <pr is
done once and for all. The only quantities that must be re-
calculated at each time step are <pd and F^. The results of
these calculations are <^ and its time and space derivatives,
which are used in the Bernoulli equation to find the pressure.
The calculation of pressures, as well as the resulting forces and
moments, is described in the next section.

Pressure, Forces, and Moments

In the expression for the pressure coefficient given by Eq.
(1), the following three quantities are needed: Vs, W, and
d<£/d£. Since W is just V — Vs and since Vs is determined
by the given motion of the airfoil, only V = V<£ and d<^/d£
need be found. The gradient of the potential <p, i.e., V has
been obtained by using VPO for the component parts of <p in
the last several sections, and thus only the time derivative of
the potential is left to be determined. Finding dp/dt will be
the main obj ective of this section.

As is noted in Eqs. (3) and (6), the component parts of -<p

which, upon differentiation, become

d<ps/bt + dpd/dt + (dT/dt)<pr (21)

The first three terms are obtained once and for all; the last
three are obtained at each time step. Consider these last
three terms. From the definition of <ps, given by Eq. (8), we
have

_
dt /. (22)

The potential <pd is obtained by using the potential operator
POon — d(ps/dn. Thus,

Using Eqs. (22, 23, and 15) together gives

__^f——A———^i_ = I T(c) x

(24)

Since the wake is growing, a term dw/dt exists, and the time
derivative of the integral is

where CTE is the end of the wake that is growing, i.e., at the
airfoil trailing edge. Consider the term multiplying dw/(M.
The term G(cTE) is the potential due to a point vortex of unit
strength located at the airfoil trailing edge. The disturbance
potential P0(— d(r/dn) represents a flowfield that, when
added to G, satisfies the boundary condition of no flow normal
to the airfoil surface. If this point vortex, located on the
exterior surface at the trailing edge, were moved a vanishingly
short distance across the surface into the interior of the airfoil,
a unit circulatory flow would result.§ Thus G +
P0(— is a unit circulatory flow equal to The

§ See Ref. 8, p. 17.



MARCH-APRIL 1968 TWO-DIMENSIONAL UNSTEADY POTENTIAL FLOW 139

term under consideration becomes dw/dt(<pr — <£>r)7> which
is just 0. Equation (24) then reduces to

= r
J w

d dG dc

(25)

Since the wake is represented by a series of point vortices, the
integral may be replaced by a sum over the number of
vortices. The term d(r/d£ is the time-rate-of-change of the
potential due to a point vortex, and may be written as
follows :

G(r,t,c) = Re{(i/2ir) ln[? - 2(0]} (26a)

= Re { (i/2ir) [(dc/t>t)/(r - c) } } (26b)

where f and c are the complex coordinates of a general field
point located at r and point vortex located at c in the wake,
respectively, as viewed in airfoil coordinates. Here i is
(-1)1/2.

The forces and moments may be obtained easily by integrat-
ing the surface pressure directly. The pressure coefficient CP)
as well as the forces and moments, can be split into any
number of additive parts. In particular, added-mass terms
can be separated from circulatory terms if desired. In
addition, the Lagally theorem can be applied, since we are
dealing with source singularities on the body surface and
vortex singularities in the wake.13 Also, the Kirchhoff equa-
tion can be employed to obtain the added-mass forces and
moments separately.14 The Kirchhoff coefficients are cal-
culated once and for all before the time loop is entered.

Gust

The gust, a special case, is discussed separately. The
usual assumption that the airfoil does not affect the gust
boundary is adopted. The velocity and potential field gen-
erated while the airfoil is traveling through the gust is calcu-
lated step by step in time, as Vd and (pd were calculated.
The gust itself may be thought of as an onset flow that causes
a corresponding disturbance flow. The gust onset and dis-
turbance flow must satisfy a homogeneous boundary condition
on the airfoil surface, since fluid is not allowed to pass through
the airfoil. If Vg(x, y, t) is the gust onset-flow velocity and
if <pg is the corresponding disturbance potential, the boundary
condition for <pg is

0
on S within gust
on S out of gust (27)

The potential-flow operators PO and ^PO are applied to
d<pg/dn to produce the potential and velocity fields, respec-
tively.

The potential (pg is, of course, a function of time, since the
boundary condition for (pg changes as the airfoil passes
through the gust and thus a contribution to the pressure
through d(pg/dt is expected. If the onset gust field possesses
a potential (call it (po), a contribution to the pressure from
this potential is also expected. These contributions are

(28a)

(28b)

The evaluation of d(pg/dt is a complex matter,12 and only the
final result for a sharp-edged gust of constant strength will be
presented;

= Vg-n{F (29)

where F is the potential of unit point sources located at the
points on the surface where the gust edge cuts the airfoil. For
such a gust it is assumed that <po is also 0.

GUST EDGE AT

Fig. 3 Pressure distribution on a 25.5% thick Joukowski
airfoil at various times before, during, and after its en-

trance into a sharp-edged gust.

Calculated Results

The present method can be used to calculate the pres-
sures, forces, and moments on an airfoil of arbitrary shape
moving along an arbitrary flight path. As was stated pre-
viously, the method is limited only by the storage of the
computer that carries out the calculations. At present, the
number of time steps is limited to 100 for the IBM 7094. The
maximum number of coordinates used to describe the airfoil
is also 100. A detailed computing-time study was not
undertaken, but an approximate formula has been devised
for a body that has 72 defining elements. This formula is

!F(min) = 2.70(^^/20) + 5.15(NPT/2Q) + 1.0

where NT is the number of time steps taken, and NPT is the
number of stations at which the pressure, forces, and moments
are desired. For example, if NT = 60 and NPT = 20, the
computing time is 14.25 min.

Two airfoils, an 8.4% thick, symmetric von Mises and a
25.5% thick, symmetric Joukowski, are used in most of the
calculations and comparisons given. These airfoils were
chosen only because experimental data and other theoretical
analyses were available for them, not because they have
simple, analytical shapes. An airfoil of any shape can be
handled, since all that is required by way of input to the
computer program are the coordinates of the airfoil and the
flight-path time history. The flight path may be given as a
tabulated set of airfoil positions and angular orientations,
along with a table of time step intervals. As an option,



140 J. P. GIESING J. AIRCRAFT

Fig. 4 Pressure distributions on an 8.4% thick von Mises
airfoil, moving in a simple harmonic manner, at various

angular positions.

built-in functions may be activated that generate the re-
quired time history data. If a gust is required, its edge and
strength (vertical velocity) are input. At present, only a
simple sharp-edged gust can be handled; however, the
method is not limited to this case, and it is possible to extend
the computer program to handle any type of gust.

The present method handles all problems as initial-value
problems. If calculations are desired for airfoils operating in
a periodic manner, all starting transients will be accounted for.
If these transients are not desired, the calculations must pro-
ceed until the transients are sufficiently damped, which re-
quires many time steps. Therefore, the method is particu-
larly suitable for handling transient airfoil problems. Figure 3
shows the pressure distribution on a 25.5% thick, symmetric
Joukowski airfoil at various stages as it passes through a gust.

^-CALCULATED

a) Frequency = 4.3r/oo/c

-CALCULATED

b) Frequency = 17.01/oo/c

The first stage, a/2 = 0, corresponds to the time before the
airfoil enters the gust. The second stage, 1.0 > a/2 > 0,
corresponds to the time when the gust edge is passing over the
airfoil. In particular, the pressure distribution on the airfoil
at the time when the gust edge is at the quarter-chord point
is shown in the figure. The third stage shown occurs when the
gust passes over the trailing edge; i.e., a/2 = 1.0. The
fourth stage corresponds to the airfoil at an infinite distance
from the gust edge, a/2 = ». Of particular interest is the
irregularity in pressure at the points on the airfoil where the
edge of the gust intersects the surface. At these points the
pressure distribution possesses a logarithmic singularity. The
strength of the singularity is slight, and, thus, the effect of the
singularity is localized. Instead of a slender spike in the pres-
sure, the average pressure over the element cut by the gust is
given. The average can be obtained, since the singularity is
integrable. The pressure distribution in the immediate
vicinity of the trailing edge does not display the behavior
characteristic of the Joukowski airfoil, because the trailing
edge has been thickened slightly to increase the accuracy of
the potential-flow calculations. This slight modification
does not affect the pressures at other points on the airfoil
surface.

Figure 4 shows the pressure distribution on an 8.4% thick,
symmetrical von Mises airfoil as it undergoes periodic pitch-
ing and plunging. Several representative pressure distribu-
tions are shown. In this case, transient effects were not
wanted and were eliminated by allowing the airfoil to move
for a long interval of "time."

Figures 3 and 4 show the present method's capability of
calculating pressure distributions. Also of interest are the
trailing wake shapes generated by airfoils in transient and
periodic motions, since it is the wake deformation that is the
nonlinearity in the problem considered. For trailing-vortex
wake shapes, Bratt15 has obtained qualitative data in the form
of smoke-trace photographs. A qualitative comparison of
calculations by the present method with two of these smoke-
trace photographs is shown in Figs. 5a and 5b. The calcu-
lated vortex sheets are represented by point vortices and the
line faired through the points. In Figs. 5a and 5b, notice
that the width of the wake, even as close as one chord length
downstream, is 15 to 20 times as large as the amplitude of
motion of the airfoil. This shows that the frequency as well
as the amplitude of motion can generate large nonlinear ef-
fects. At high frequencies a vortex sheet of great strength is
produced, leading to large deformations in the wake shape.

An exhaustive analysis of the accuracy of the wake-vortex-
shape calculations has not been undertaken. Numerical
solutions for wake shapes, and their corresponding accuracy,
have been treated extensively by other authors, among them
Rosenhead,16 Fage and Johansen,17 Kama and Burke,18 and
Birkhoff and Fischer.19 It has been the experience of the
author that sufficient accuracy has been achieved in the wake
calculations to produce very good results for the pressure and
force acting on the airfoil. Figure 6, for example, shows an air-
foil that has started impulsively from rest at an extreme angle
of attack. Numerical errors in the vortex-wake calculation
would be expected to be at their largest in this case. The

fk v N£/ •

^^.^'S
Fig. 5 Shape of the vortex wake generated by a NACA 0015
airfoil vibrating in a simple harmonic manner with an

amplitude of O.OlSc.
Fig. 6 Comparison of wake shapes calculated with two

different time-step sizes.
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shape of the wake generated by using two different time-step
sizes is shown in this figure. In addition, the number of de-
fining coordinates for the airfoil in the two cases is different.
For the case AZ = 0.05, 95 coordinates are used to define the
airfoil shape. For the case A£ = 0.10, only 73 coordinates
are used. The difference between the two wake shapes is
noticeable only in the rolled-up portion. This difference in
wake shape has a negligible effect on the lift of the airfoil in
the position shown. Specificially, the normalized lift values
L/LQ (LQ is the quasi-steady lift) for the two cases are 0.5992
and 0.5995 for the airfoil in the position shown in Fig. 6.
Effects of Nonliiiearity

Strictly speaking, all nonlinearities in the problem at hand
arise from the wake; i.e., finding the wake shape involves a
nonlinear process. However, if the boundary condition on
the airfoil surface is not linearized, in one sense we may say
that nonlinear effects also arise at the airfoil surface. The
boundary condition on the airfoil surface is satisfied exactly
by the present method, and, thus, "nonlinearities" arise from
the airfoil shape.

The nonlinear effects of thickness and wake deformation on
the Wagner, Kiissner, and Theodorsen functions are discussed
in the next three subsections. In all cases, the normalized
lifts referred to are those due to the circulation and wake alone
and do not include added-mass terms.

Wagner function

The Wagner function3 is the time history of the normalized
circulatory lift on an airfoil that has been started impulsively
from rest at an angle of attack. This function is used to build
up any kind of transient motion by simply considering the
motion as a series of impulsive starts at various angles of
attack. The motion is then obtained by using the super-
position integral with the product of the Wagner function and
the angle-of-attack function as the integrand.

Wagner obtained his function with the aid of linear theory.
In particular, a flat plate at infinitesimal angle of attack was
considered. The effect of airfoil thickness on the Wagner
function is shown in Fig. 7a; that is, a comparison of the
Wagner function for a flat plate with that obtained by the pres-
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b) For airfoils at various angles of attack

Fig. 7 Comparison of calculated results with the Wagner
function.

Fig. 8 Comparison of the Kiissner function for airfoils of
various thicknesses.

ent method for a symmetric 8.4% thick von Mises airfoil and
a symmetric 25.5% thick Joukowski airfoil is shown. The
angle of attack for the airfoils is 0.01 rad; thus, nonlinearities
due to wake deformation do not enter into the calculations of
the present method. At such small angles of attack, the
wake produced is too weak to deform to any noticeable de-
gree. Figure 7a shows that the effect of airfoil thickness is to
retard the build-up of lift; i.e., a thick airfoil takes longer to
reach a given value of lift.

The effect of wake deformation on the Wagner function is
also of interest. The effect of such deformation is similar to
that of thickness, as Fig. 7b shows. In this figure, the effect
of angle of attack on the Wagner function for the 8.4% thick
von Mises airfoil is presented. Two angles of attack are con-
sidered, a = 0.01 rad (no wake deformation) and a — 0.8 rad.
The wake shape at the time t = Um/c for the case a — 0.8 is
shown in Fig. 6. It must be stated that, once the wake is
allowed to deform, the Wagner function as calculated by the
present method cannot be used in the superposition integral.
Figure 7b is only meant to indicate the region of validity of
the linear Wagner function by showing the effects of wake
deformation. However, the Wagner function that has been
corrected for thickness can still be used in the superposition
integral, since thickness is not a true nonlinearity.

Kussner function

Kiissner4 developed the function \l/(cr)j which can be used
to find the lift acting on a flat plate entering into a vertical
gust of arbitrary nonuniform strength. Again, the super-
position integral must be used. The Kussner function was
later generalized to include the case of a gust with a horizontal
as well as a vertical component of velocity.20 The linearized
gust function \l/(a) represents the normalized lift that acts on
a flat plate that is passing into a sharp-edged vertical gust of
infinitesimal strength. Kussner derived the function with
the assumption that the flat plate and its wake do not affect
the gust boundary. This assumption was also made when the
present method was applied to the problem. Figure 8 shows
the effect of airfoil thickness on the Kussner function. This
figure compares the Kussner function for a flat plate in a gust
of infinitesimal strength with that obtained for an 8.4% thick
von Mises airfoil and a 25.5% thick Joukowski airfoil enter-
ing a gust whose vertical velocity is 0.01 Um. The effect of
thickness on the Kussner function is similar to the effect of
thickness on the Wagner function. The nonlinear effect of
the magnitude of the gust's vertical velocity has been studied.
No appreciable effect on the Kussner function has been ob-
served, even for a case where the vertical velocity of the gust
is 0.5 C/oo. The wake deformations in the gust case happens
to be small, even for large vertical gust velocities. The re-
sult is that the nonlinear effects on the lift are even smaller.

Theodorsen function

Theodorsen2 and Karman and Sears1 derived the function
C(k), which can be used, with aid of the superposition integral,
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a) For airfoils of various thicknesses

C(k)= /oe

b) For airfoils oscillating at different amplitudes

Fig. 9 Comparison of calculated results with the Theor-
dorson function.

to find the lift on a flat plate executing arbitrary periodic
motions of infinitesimal amplitude. The lift obtained in this
manner is due to the circulation and wake flow alone, and thus
the added-mass terms should be added to find the total lift.
The Theodorsen function is time complex and is usually
written as F + iG. In this paper it will be written in an
alternate form, as pei<f>, where p = (F2 + G2)1/z and <p = tan"1

(G/F). Specifically, the Theodorsen function is the normal-
ized lift acting on a flat plate undergoing simple harmonic
vibration. The term p, in the Theodorsen function, is the
amplitude ratio, and — (p the phase lag of the normalized lift.

The Theodorsen function cannot be obtained directly from
the results of the present method. Since the present method
is perfectly general, the values of lift obtained have harmonics
of all orders. A Fourier analysis of the circulatory lift and the
quasi-steady lift was made, to isolate the first harmonic. The
first harmonic is, of course, much larger than any of the
others. For instance, for the case of the von Mises airfoil
oscillating with an amplitude of 0.3c and a frequency of
1.866 C/co/c the third harmonic of the circulatory lift (which is
next largest) is 6.7% of the first harmonic.

As was mentioned, Theodorsen obtained results for a flat
plate. Figure 9a shows the effect of airfoil thickness on the
Theodorsen function. It presents several values of the
Theodorsen function for the symmetic 8.4% thick von Mises
airfoil and the symmetric 2.5% thick Joukowski airfoil as
obtained from results of the present method. The amplitudes
of vibration at the quarter-chord points are 0.0006c and
0.0012c, respectively. Since the amplitudes are so small, non-
linearities due to wake deformation do not appear. Also
shown in the figure is the Theodorsen function for the flat
plate and the Theodorsen function for the 25.5% thick
Joukowski airfoil as given by Kiissner.5 The values obtained
by using the present method for the Joukowski airfoil com-
pare fairly well with Ktissner's results. The general effect of
thickness is to reduce the normalized lift for all frequencies
and to increase the phase lag between the quasi-steady and
total circulatory lift functions.

The effect of amplitude on the Theodorsen function, shown
in Fig. 9b, is also of interest. In addition to the Theodorsen
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Fig. 10 Comparison of calculated and experimental reduced circulatory lift and moment coefficients for an airfoil
oscillating in a simple harmonic manner with an amplitude of 0.06 c.
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function for flat plates undergoing small-amplitude, simple
harmonic motions, several values of the Theodorsen function
for the 8.4% thick von Mises airfoil operating at several
amplitudes are shown in this figure.

The amplitude of motion has a large effect on the Theodor-
sen function at high frequencies. This effect is opposite to
the effect of thickness. The linear Theodorsen function can
be obtained from the linear Wagner function by using the
superposition integral. Therefore, one might expect the
nonlinear effects for these two functions to be similar. Since
the nonlinear effects act in the same direction as the thickness
effects for the Wagner function, one might expect that the
nonlinear effects might act in the same direction for the
Theodorsen function. However, they do not. This result
shows that the superposition integral cannot be used if a
deforming wake is considered.

Added Mass

Heretofore, only the forces and moments acting on an air-
foil due to the presence of a wake and circulation were con-
sidered for comparison. There are, of course, the added mass
forces and moments that must be considered when total forces
and moments are sought. The added-mass coefficients can
be obtained by following Lamb [see Ref. 14, p. 164, Eq. (3)].
The added-mass coefficients obtained by the present method
and those obtained by other methods (Kiissner5) are in sub-
stantial agreement (see Ref. 12).

Experimental Comparisons

Spurk21 has experimentally obtained the forces and mo-
ments acting on symmetrical von Mises and Joukowski air-
foils. The airfoils were made to vibrate with small ampli-
tude about an average angle of attack of zero. The airfoils
were attached to rocker arms and made to oscillate about the
hinge point of the rocker arm (see the drawing in Fig. 10).
In this way the airfoils were given pitching as well as plunging
motions. The experimental apparatus was designed in such a
way that added-mass terms proportional to the airfoil ac-
celerations were not measured. Unfortunately, not all of the
added-mass terms were eliminated in this manner. Thus, the
lift and moment obtained are not due entirely to the circula-
tion and wake. The force and moment coefficients Ci and
Cm are obtained from the measured data by dividing first by
^pt/oo2c and then by the quarter-chord amplitude ratio h/c.
A comparison of experimental data with calculated results
for Ci and Cm is shown in Fig. 10. The airfoil considered is
the 8.4% thick symmetric von Mises airfoil. The quarter-
chord amplitude is 0.06 chord, and the angular displacement
amplitude is 0.0796 rad. A similar comparison for the
25.5% thick Joukowski airfoil was made.12 The present
method and the experiment do not agree as well for the
Joukowski airfoil as for the von Mises airfoil.

Since the present method is an exact potential-flow solution
for the unsteady airfoil problem, any differences between its
results and accurate experimental data must represent a
failure of its mathematical model. Figure 10 shows that
there is a difference between calculated results and experi-
mental data. Even though viscosity is usually just a scape-
goat for most discrepancies between aerodynamic theory and
experiment, in this case the blame seems to be well-placed.
An insight into the effect of viscosity on the Theodorsen func-
tion can be obtained if the experimental data are cast into
the form of the Theodorsen function. This was done12 with
calculated values of LQ. The conclusions that are drawn

are summarized as follows: 1) the amplitude ratio, p =
L/LQ, is lower over the entire frequency range studied, and
2) the phase lag, — <£, tends to increase rather than decrease
in the high-frequency range. The low values of amplitude
ratio may be due to the calculated quasi-steady lift LQ which
was too large. An experimental LQ (which is not available)
might bring it into line. The mechanism by which the
viscosity modifies the phase shift is, however, still to be
explained.
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